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1. Introduction 

Let $i : P'^ y P(L*) be a net of quadrics, i.e. two dimensional linear 

system of quadrics. If the linear system $l is sufficiently generic, then 

(1) the base locus B consists of eight points 61, . . . , fog? and 

(2) the locus C of singular quadrics in P(L) is a smooth plane quartic 
curve. 

A set B of eight points in P"^ of this form is called a regular Cayley octad 
and the plane quartic curve C is called the associated curve of B. The moduli 
space of regular Cayley octads is isomorphic to the moduli space of plane 
quartic curves with markings of even theta divisors (cf. ||DOj ). 

Let B = {61, . . . , 63} be a regular Cayley octad, Hi, ... , Hs hyperplanes 
in the dual projective space P'^ = {(^1 : ^2 : ^3 : ^4)} of P"^ corresponding 
to the points 61, . . . , fcg? and X the double covering of P-^ branched along the 
eight hyperplanes Hi, . . . , H^. In this paper, we study a certain algebraic 
correspondence between the associated curve C and the double covering X 
of P"^ based on a geometry of curves on X. Since the variety X has only 
quotient singularities, H^{X, Q) is equipped with a pure Hodge structure of 
weight i. The first main theorem of this paper is the following. 

Theorem 1.1 (Theorem 15. 11) . Under the above notations, we have an injec- 
tion of Hodge structures 

(1.1) cyl:H\CM)i-l)^H^XM) 

induced by an algebraic correspondence. In particular, the Hodge structure 
H^(X, Q) is not irreducible. 

The same algebraic correspondence is constructed independently in un- 
published work by I.Dolgachev-E.Merkmann (1994). The author would like 
to express his thanks to Prof. I.Dolgachev for the communication. We remark 
that the above homomorphism specializes to that defined by the "symmetric 
construction" in |Tlj , if the curve C specializes to a hyperelliptic curve. Let 
us recall the symmetric construction briefly. Let C be a hyperelliptic curve 
of genus three defined by 
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We define a double covering X of by 

8 
i=l 

in tlie weigfited projective space P(l,l,l,l,4). Here ^o, ^i, ^2, ^3 are liomoge- 
neous coordinates of degree one and rj is that of degree four. Then the variety 
X is a Calabi-Yau variety, i.e. it has only Gorenstein singularities and has 
the trivial dualizing sheaf admitting a global crepant resolution (see [CMJ ). 

Let C^'^\ C^'^\ C^^^ be three copies of the curve C. The action of //2 — ('-) 
on C defined by the hyperelliptic involution i yields an action of ^2'^ on 
C3 = C(i) X C(2) X C(3). The symmetric group ©3 of degree three acts 
on by permuting the components, and as a consequence, we obtain an 
action of semi-direct product (1^2^) xi 63 on C^. Let be the kernel of 
the homomorphism fX2^ — )■ fi2 '■ (C15C25C3) ^ CiC2C3- Then the semi-direct 
product G = X 63 is a normal subgroup of fX2'^ x ©3 of index two. 

Since the quotient of by the group (/i2'^) x©3 is isomorphic to (P^)'^/©3 ~ 
P^, the quotient of by G is a double covering of P"^. Since the covering 
map 

C^/G CV(/U2^) X 63 - 
branches exactly along the eight hyperplanes Hi = {XfCi + ^2 + ^^^3 +^4 = 
0}, we have an isomorphism 

(L2) X 4 C^/G 

over (P^)^/©3 ~ P"^. The above isomorphism is written as 

(6 

= (-1 : Xi + X2 + X3 : -{xiX2 + X2X3 + X3X1) : X1X2X3 : yi|/22/3)- 

on the afhne part of C^. Here (x^, yi) is a coordinate of the afhne part of C^'^^ 
for i = 1,2,3. 

Since the variety X has only rational singularities, H^{X, Q) is equipped 
with a pure Hodge structure of weight three. By the isomorphism (11. 2p . we 
have an isomorphism of Hodge structures : 

3 

(1.3) f\H\CM)^H^{XM)- 

The composite morphism 

cyl : C(i) X C ^ X C(2) X C^^) 4 X 

Pi X p I— )■ pi X l{pi) X p 

defines a family of smooth rational curves in X parameterized by C. (See 
Section [4.31 for details.) From this family of smooth rational curves in X, we 
get a homomorphism of Hodge structures: 

(1.4) cyl:H'{CM)i-l)->H^XM)- 

This map is the specialization of the map (II. ip in the following sense. Let M 
be the moduli space of genus three curves with level 2A^-structures (A^ > 2) 
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and p : C — )■ M and S : — )■ M the universal families of plane quartic 
curves and double coverings of P'^. The family of algebraic correspondences 
in Theorem 1 1 . 1 1 give rise to a homomorphism of variations of Hodge structures: 

(1.5) cyl : i?VQ(-l) ^ i?^S,Q. 

The variations of Hodge structures R^p^Q{—l) and R"^E]*Q and the homo- 
morphism cyl extend to those on M. The homomorphism (11.41) is the fiber of 
(11.51) at the point corresponding to the hyperelliptic curve C. 

In the last part of this paper, we study the variation of Hodge structures 
obtained by the cokernel Coker(cyZ) of the homomorphism (11.51) . By the 
isomorphism ( 11. 3p . the restriction of Coker(cyZ) to the hyperelliptic locus 
is isomorphic to the primitive part of the third higher direct image of the 
relative Jacobian scheme as variations of Hodge structures. The Hodge type 
of Coker(cy/) at each fiber is (1,6,6,1). Nevertheless, we have the following 
theorem. 

Theorem 1.2 (Theorem 16.61) . There exists no polarized abelian scheme a : 
A ^ M of relative dimension three, whose degree three primitive part 

R^a*,primQ, = Coker(i2^a*Q(-l) A R^a^Q) 

of the higher direct image is isomorphic to Coker{cyl) . Here L denotes the 
Lefschetz operator for the polarization. 

The contents of the paper is as follows. We recall several basic facts con- 
cerning net of quadrics in Section [2l In Section [3l we construct an algebraic 
correspondence between a non-hyperelliptic curve of genus three and a double 
covering of P"^ using the theory of net of quadrics. In Section 4 and 5, we prove 
the injectivity of the homomorphism induced by this correspondence (Theo- 
rem 11. ip . In Section [6] and Section [71 we compute infinitesimal variations of 
Hodge structure to conclude Theorem 11.21 

Acknowledgment. The author would like to thank Keiji Matsumoto for 
discussions, which gives a motivation of this paper. The statement of Theorem 
11.21 is a refinement of the first version of this paper, which is suggested by the 
referee. The author would like to express his thanks to the referee. After 
finishing this paper, the relevant paper |GSZj was pointed out by K.Zuo and 
B.van Geemen, which treats general configurations of eight hyperplanes and 
hyperelliptic locus. The author is grateful for the information. 

Notation 1.3. Quadratic polynomials Q(xi, . . . , Xk) of xi, . . . , are in one 

to one correspondence with k x k symmetric matrices Q' by the relation 
(5(xi, . . . , Xfc) = (xi, . . . , Xfc)Q'*(xi, . . . , Xfc) . The corresponding symmetric 
matrix Q' is also denoted by Q if there are no confusions. The rank of the 
quadric is defined by the rank of the corresponding symmetric matrix. The 
space of quadratic form on V is denoted by Syrn^iV). 

For a vector space V , the projective space [V — {0})/C^ associated to V 
is denoted as "PiV). For a homogeneous polynomial f on V , the subvariety 
ofViy) defined by f is denoted as Z{f). The point of the dual projective 
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space P(y*) corresponding to a hyperplane W C P(V^) is denoted by \W]. 
The hyperplane in P(V*) associated to a point b e P{V) is denoted by Mj,. 

2. Net of quadrics in the three dimensional projective space 

Let y be a four dimensional vector space. For a three dimensional subspace 

L in Sym?'{V), the associated linear system P(F) > P(-L*) is denoted 

as A two dimensional linear system is called a net. The member of 

the linear system corresponding to t G P(-^) is denoted as Qt C P(V). The 
locus of singular quadrics in P(-L) is denoted as C{L). A net of quadrics 
in P{V) is called regular if C{L) is smooth. In this case, C(L) is a smooth 
plane quartic curve and is called the plane quartic curve associated to L. By 
choosing a basis QiiQ2iQi of L and basis xq^...^x^ of F, the subvariety 
C{L) of P(i^) is defined by the polynomial dei{tiQi + t2Q2 + ^sQs)- For a 
regular net of quadrics L, the rank of the quadric tiQi +t2<52 + ^3<53 is three 
for all t = {ti : t2 ts) G C(L) and the base locus B of the net of quadrics $l 
consists of distinct eight points. Moreover any four points in the base locus 
do not lie on a common plane. 

Let 61, . . . , 67 be generic seven points in P(F). Then the space L of qua- 
dratic polynomials on V vanishing at 61, . . . , 67 is a three dimensional vector 
space, and is a regular net of quadrics. Moreover the base locus B of the 
net of quadrics is a zero dimensional reduced subscheme consisting of eight 
points containing {bi, . . . , 67}. 

A configuration of eight points in P(V^) is called a regular Cayley octad 
if it is the base locus of a regular net of quadrics. By associating the base 
locus a net of quadrics, we get a one to one correspondence between the set 
of regular nets of quadrics in P(F) and that of regular Cayley octads. The 
set of choices of two points in {61, . . . , 63} corresponds one to one to the set of 
odd theta divisors of C(L), and there is one to one correspondence between 
the set of odd theta divisors and that of bitangents of C(L). 

We have the following four moduli spaces. 

(1) The moduli space Mi of regular Cayley octads {61, . . . , bs} in P(^). 

(2) The moduli space M2 of regular nets of quadrics in P{V). 

(3) The moduli space M3 of smooth plane quartic curves. 

(4) The moduli space M4 of non-hyperelliptic smooth curves of genus 
three. 

Then we have the following morphisms 

Ml 4 M2 4 M3 4 M4. 

The morphisms fi and fs are isomorphisms and the morphism /2 is an etale 
finite morphism of degree 36. 

Definition 2.1 (Stcincrian curve). Let {Qi, Q2, Q3) be a regular net of quadrics 
and C the associated plane quartic curve. Then Z{Qt) is a cone over a smooth 
conic in P{V) for t & C. By attaching the vertex s{t) of Z{Qt) to a point 
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t E C, we have a map s : C ^ P(^)- The image s{C) of C under the 
morphism s is called the Steinerian curve ( [DO] ). 

It is known that the Steinerian curve is of degree 6 and isomorphic to C 
via the map s : C — 'PiV). The Steinerian curve is disjoint from the base 
locus of the net of quadrics. The embedding s is equal to the linear system 
defined by the sum of canonical class and one of 36 even theta divisors. 

3. Double covering branched along eight hyperplanes 

We use the same notations as in the last section. Let {6i,...,68} be a 
regular Cayley octad in P(l^) and C be the associated plane curve. Let 
Hi, ... , Hs be the hyperplanes corresponding to 6i , . . . , 63 in the dual pro- 
jective space P{V*) of P{V). Let X be the double covering branched along 
the union of the hyperplanes Hi, . . . , Hg. The covering map X — )■ P{V*) is 
denoted by tt. Since any four points in {bi, . . . ,bs} are not contained in a 
common plane by the condition of regular Cayley octad, the union D = UiHi 
is a normal crossing divisor. Therefore the double covering X has only Goren- 
stein singularities and the trivial dualizing sheaf admitting a global crepant 
resolution (see [CM] ). A variety with this property is called a Calabi-Yau 
variety. 

In this section, we define a double covering of the curve C and a closed 
subvariety C/^ in x X of co dimension two. A component U of defines 
an algebraic correspondence between the varieties C and X . 

Let t be a point in C. Then Qt CP{V) is a cone over a smooth conic. We 
define a rational curve 7^ in P(y*) by 

= {[W] eP{V*) \W is tangent to the cone Qt}. 

If [W] G 7t, then W contains a vertex s{t) G P(^). Therefore the rational 
curve 7i is contained in the hyperplane Mg(^ty (For the notation M* and [*], 
see Notation 11.31 ) 

Proposition 3.1. The curve 7t is tangent to the hyperplanes Hi, . . . , Hg for 
all t G C. 

Proof. The quadric Qt contains any of the base points hi. Since the linear 
system is regular, bi does not coincide with s{t) for any t & C. Therefore 
the conic Qt is smooth at the point bi and there is only one tangent hyperplane 
of Qt containing bi. Therefore the hyperplane Hi = Mb- is tangent to the conic 
7i. Thus we have proved the proposition. □ 

Corollary 3.2. Under the assumption of Proposition [XT], the inverse image 
7r~^(7t) is the union of two rational curves "^[^^ and 7^^^"*. 

Proof. By Proposition 13.11 the normalization of 7r~^(7t) is an etale double 
covering of a smooth rational curve. Therefore it is a disjoint union of two 
copies of 7t. □ 
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By attaching the irreducible components of 7r~^(7t) to t G C, we get a dou- 
ble covering (possibly not irreducible) of C . More precisely, the covering 
is defined as the Stein factorization of the normalization of the map 

G X X C I Ti{x) G 7t} ^ C 

obtained by the second projection. The irreducible component of 7r~^(7t) 
corresponding to a point t G C"^ is written as 7^. 

Lemma 3.3. The covering is etale over C . 

Proof. Since the rank of Qt is equal to 3 for any point t G C, 7t is a smooth 
rational curve of degree two in P(l/*). We will show that it is not contained 
in Hi for any i. The curve 7t is contained in Hi if and only if the vertex s{t) 
of the quadric Qt coincides with one of a base point hi but for a smooth plane 
curve C of degree four, any intersection of bitangents is not contained in C. 
Therefore 7t is not contained in Hi. As a consequence, 7r"~^(7t) has exactly 
two irreducible components and C"^ is etale over C. □ 

Let t/^ be the universal family 

U* = {{i,x)eC* xX\xe 7^-}. 

Then we have the following diagram: 

U* C C#xX X 

pri \. 

c*. 

Proposition 3.4. The curve is a union of two copies C*^^) and C^'^^ of 
C. 

Proof. To prove the proposition, it is enough to prove the monodromy action 
on the irreducible components of 7r~^(7t) is trivial. We compute the mon- 
odromy action when the plane quartic curve tends to a hyperelliptic curve. 
This will be done in Proposition 14. 4[ □ 

Definition 3.5 (Algebraic correspondence U). We define U G C x X by the 
pull back of U* by the map C x X ^ C^^) x X c C* x X . 



4. Twisted cubic and hyperelliptic curves 

4.1. Special net of quadrics. In this subsection, we consider a special net 
of quadrics generated by 
(4.1) 
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Here we used the correspondence between quadratic polynomials and symmet- 
ric matrices in Notation ll.3[ Then the intersection T = Z{Qi)r\Z{Q2)r\Z{Qs) 
is a twisted cubic curve defined by the image of the map 

s : ^ P{V) : X ^ {x^ : : X : 1). 

The defining equation of the singular locus of the net of quadrics ${Qi,Q2,Q3> 
is equal to 

det(tigi + t2Q2 + hQs) = ihts - tlf = 0. 

The conic {tit^ ^ ^2 = ^} is denoted as D. We choose a parameter 

of 1? as {ti : ^2 : ^s) = (1 : x : x^). The singular quadratic polynomial Qt for 
t = {ti : t2 H) = {1 X : x^) G -D is written as Q{x). 

Lemma 4.1. For (1 : x : x^) G D, we define a curve 7^ in PiV*) by 

7^ = {[W] G F{V*) I W is tangent to Z{Q{x))}. 

Then is equal to 

(4.2) 

7x = {(6 : 6 : 6 : ^4) = {-1 : 2w + x : -{w^ + 2xw) : w^x) \weF^}. 
Moreover, the vertex v{x) of V{Q{x)) is 

(pi ■ P2 ■ P3 '■ P4:) = s{x) = (x^ : x^ : X : 1). 
Proof. By direct computation, we can check that the hyperplane 

= {{pi ■.P2--P3- P4) e P{V) I 

— Pi + {2w + x)p2 — {w^ + 2xw)ps + w'^xp4 = 0} 

is tangent to the quadric Z{Q{x)) = {Q{x) = {piPs — p\) + x{j>2P3 — P1P4) + 
x^(p2P4 ~pi) = 0}. Since the curve 7^; is known to be of degree two, we have 
proved the lemma. □ 

4.2. A deformation of special net of quadrics. Let A(w) = {w G C | 
I u \< e} be a sufficiently small disk. The punctured dis A(u,) — {0} is 
denoted by A*(w). 

Proposition 4.2. Let (5i,Q2 CL^d be the quadrics defined in (^TTjj. 

Let {Qi{u),Q2{u),Q3{u)) be a generic deformation over A{u) of L = 
{Q11Q21Q3) such that QiiQ) — Qi. Then the equation of the discriminant 
locus F{ti,t2,ts,u) = det{tiQi{u) +t2Q2{u) + tsQsiu)) can be written as 

F{ti,t2, is, u) = {tits - tlY + uf{ti,t2, ts) {mod u^C[ti,t2, ts, u]) 

such that {f{ti,t2,ts)}nD consists of distinct eight points andC : {f{ti,t2,ts) = 
0} is a smooth plane curve. 
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Proof. We consider a deformation given by 

/ 
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Then we have Qi{0) = Qi for z = 1, 2, 3, and 
detitiQiiu) + t2Q2{u) + tsQsiu)) = {hts - 4)^+S{ti + 4 + 4)u 

(mod u^C[ti,t2,t3,u]) 

The intersection of C = {S{tf + 4 + 4) ~ 0} and D consists of distinct eight 
points and C is smooth. Thus we have proved the proposition for a generic 
deformation. □ 

4.3. Smooth family C and its double covering C^. Let /(ti,t25^3) be a 
generic homogeneous polynomial of degree four. Then the zero locus Z{f) is 
smooth and the set {{ti : t2 : ts) | tits — ^1 = 0, /(ti, t2, ^s) = 0} consists of 
distinct eight points 

T, = {l:\:\h (^ = l,...,8). 

We define a family of plane curves C of degree four over A(t(,) by 

C = {{u, (ti : t2 : h) I (tits - 4? - uf{hM, h)} 

By Proposition 14. 2^ there is a family of nets of quadrics {Qi{u), Q2iu), Q^iu)) 
in 'P{V) such that the family of associated plane quartic curve is isomorphic 
to C. 

By changing the base A(t;) — ?► A(w) defined hy v y-^ v"^ = u, we have a 
family C y<A(u) A(i') of plane curve in P{L) x A{v) over A{v). Then the 
normalization C of C y<A(u) A(f) is isomorphic to 



{{v, (z^ : ti : t2 : ts)) G A(t;) x P(2, 1, 1, 1) | tits - 4 



/(tl,t2,ts)}, 



where (z^ : ti : t2 : ts) is the coordinates of the weighted projective space 
P(2, 1, 1, 1). Thus we have a smooth family 

(4.3) p : C ^ A(^;) 

of curves of genus three over A(f). The central fiber p~^(0) = Co is a hyper- 
elliptic curve. The inverse image p~'^(A(f)*) of A(f)* is denoted as 
We have a family of regular Cayley octads 

/3o : ^ Viy) X A*(t;) ^ A\v) 
of —7- A*(f) over A*(f) and its closure in P(F) x A(f) is denoted as 
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Proposition 4.3. (1) Let vq ^ be an element in A(f). Then the mon- 
odromy substitution on B^^ = {bi^vo), . . . ,bs{vo)} around v = is 
trivial. Especially bi{vo) extends to a section bi{v) toP{V) overA{v). 
(2) The point bi{v) converges to the point s{Xi) when v tends to zero. 

Proof. (1) Choose two elements bi [vq) and bj {vq) . The hne connecting them in 
P{V) X {vq} is denoted as lij{vo). There are 28 lines of such form. Then hjivo) 

intersect the Steinerian curve at two points Pij\vQ) ^ p\'^\vo) . The intersection 
points correspond to the bitangent points of the plane quartic curve C„o in 
P(L). The divisor pl^\vo) + Pi^\vQ) is one of 28 odd theta divisors. Since 
the family of curves C is smooth over A(f ), the monodromy action on the 28 
lines lij{vo) is trivial. Therefore the monodromy action on the set {&i(fo)} is 
trivial. 

(2) The curve Co is a hyperelliptic curve which is the double covering of D 
branched at ri, . . . , rg. Since the base locus of (Qi(0), Q2(0), QsiO)) is equal 
to D, we have {ri, . . . , rg} C D. For a hyperelliptic curve Co, an odd theta 
divisor is obtained by taking sum of distinct two points in the branch points. 
Therefore the family of lines hj{v) connecting bi{v) and bj{v) converges to 
the line connecting the image s{Xi) and s(Xj). Therefore bi{v) converges to 

By the above proposition, the fiber /3~^(0) of /3 at consists of distinct 8 
points {(Af : Xf : Xi : l)}i=i,...,8. We chose a lifting bi{v) = [bu, ■ ■ ■ ,bu) of 
the section bi{v) from A{v) to V - {0} such that 6^(0) = (Af , Af , A^, 1). We 
consider a family of Calabi-Yau varieties X over A{v) defined by 

8 

(4.4) X^:r]^ = n(^^i(^)^i + " " " + b^4{v)U) 

branched along the eight hyperplanes Mb^(„), . . . , M5g(-„). Here the equation 
is a weighted homogeneous equation. (The weight of r] is four.) We set 
E = {ti, . . . , Tg} C p~^{0). For a point t G C — E, the inverse image 7r~^(7i) 
has exactly two irreducible components. These irreducible components defines 
an etale double covering C^'^ — t- C — E. By the purity of branch locus, we 
have an etale double covering 

(4.5) C* 

extending the above covering. 

Let C Xa(u) be the universal family of rational curves in X 
parameterized by and the closure of in >^a{v) ■ 



Proposition 4.4. The covering ((^.5[ ) is a union of two copies C^^^ and C^"^^ 
ofC 

Proof. To prove the proposition, it is enough to show the fiber of the covering 
(14.51) at f = is a union of two copies of Cq. The equation of the fiber of X 
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and C at f = is 

8 

(4.6) Xo:rf = + + + ^4), and 

i=l 
8 

i=l 

By restricting the equation (I4.6I) to the curve 7^; given in (14 .2 1) , we have 

8 



i=l 



Therefore the rational curve 7^; can be hfted to a rational curve 7^^^ in Xq 
defined by 

(4.7) 

8 

{(^ : 6 : 6 : 6 : ^4) = {v Yl{w - X^) : -1 : 2w + x : -(w^ + 2xw) : w^x) 



1=1 



GP(2,l,l,l)|u;Gpi}. 

Since the family {7^^^} of rational curves is parameterized by {x,y) G Co, we 
have a morphism Cq — )■ C(f . Therefore the covering Cq" — )■ Cq is a union of two 
copies Cq^^ and C^^ of Cq- □ 

Definition 4.5. Let U he the inverse image of by the open immersion 



5. Algebraic correspondence 

Let U G C X X he the family of rational curves on X parameterized by C 
defined in Definition 13. 5[ By using the cycle class cl{U) G H^{C x X, Q)(2), 
we have the following diagram of homomorphisms: 

H\CxX,Cl) "^^^ H^{C xX,Q){2) ""A* H^iX,Q){^) 

pr^ t 

Here V{i) denotes the Tate twist of V. The composite homomorphism 
(5.1) H\CM)^H'iXM)il)- 

is called the cylinder map for U. We consider the family U of the universal 
family over A{v): 

U d C Xa(„) X ^-^ X 

pri \. J, H 

C 4 A{v) 
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Then we have a homomorphism cyl of local systems induced by the family of 
algebraic correspondences U: 

(5.2) cyl : i?VQ ^ i?^S,Q(l) 

Theorem 5.1. The homomorphism \5.2\l is injective. 

By specialization argument, we have the following corollary. 
Corollary 5.2. The homomorphism Ii5.1\) is injective. 

Proof of Theorem I5.il To prove the injectivity of the map (15. 2p , it is enough 
to show the injectivity for the fiber of (15. 2p at v = 0. In this case, the 
homomorphism cyl is described by the homomorphism (f defined in By 
the the isomorphism (II. 2p . we have 

(Co X Co X Co)/G - Xo. 

where the finite group G is defined in ^ Let (x, y) be a point in Co. By the 
equation (14. 7p . the rational curve in Xq defined by (14. 7p is equal to the 
image of the map Ix,y defined by 

Ix,y : Co -> '^o : {xi, yi) 'pi.i.Xi, (xi, -yi), (x, y)). 

Therefore the universal family W C Co x ^Yo is equal to the image of the map 

Co X Co — ^ Co X '^o : ((a;i, yi), [x, y)) ((x, y), /x,y(xi, yi)) 

Using this description of the universal family, the fiber H^{Cq, Q) — )■ H^{Xq, Q)(l) 
of the homomorphism (15. 2p at f = is identified with the map 

3 

ifi(Co, Q) ^ f\H\Co. Q)(l) ^ if3(A'o, Q)(l) 

given by ai ^-> ai A where 4> corresponds to the polarization of H^{Cq, Q). 
Therefore it is injective. □ 

6. COKERNEL OF CYLINDER MAP AND INFINITESIMAL VARIATION OF 

MIXED HODGE STRUCTURE 

6.1. Hodge structures of double coverings and Jacobian rings. Let 

M be the moduli space of genus three curves with level 2N structures (A^ > 2) 
and p : C — 7- M be the universal curve over M. Let M^g be the hyperelliptic 
locus of M and the complement M\Mhe is denoted by M^. Then the restric- 
tion p^ : = p~^{M^) — )■ is a family of plane quartic curves with level 
2N structures. By choosing one of the family of even theta divisors O, we get 
a family 

c Pip'ioiKco/Mo + e)*) ^ mo. 

of Cayley octads. The closure of B*^ in P{p^O{Kc/M + ©)*) is denoted by 
B. Then B is a, disjoint union of eight copies of trivial covering of M. By 
taking an etale covering ^ : M — M of M, we can choose a double covering 
H : ^ M of e*'P{p^O{Kc/M + 6)) ^ M branching along the family of 
dual hyperplanes corresponding to 9*B. Moreover, by Theorem \5.1\ we have 
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an injective morphism of local systems 9* R^p^Q,{ — l) — )> R'^'E^Q, by replac- 
ing M by its etale covering, if necessary. Since the covering transformation 
group X 6*P{ptO{Kc/M + Q)) acts as (— l)-multiplication on i?^S*Q(— 1), 
the descent data for 0*R^p^Q{—l) gives rise to a descent data of X. The de- 
scended variety S : A" — )■ M becomes a double covering of P{p^O{Kc/M + ^))j 
which is called the universal family of double coverings. 

Let Che be the restriction of C to the hyperelliptic locus Mhe- Since the 
third higher direct image sheaf -R^j*Q of the relative Jacobian variety j : 
J{Che/Mhe) — > Mhe is isomorphic to /\^ R^j^Q, the restriction of the cokernel 
Coker(cyZ) of 

cyl : i?VQ(-l) ^ R^E*Q 

to the hyperelliptic locus Mhe is isomorphic to the primitive part of the third 
higher direct image sheaf 



R^i 

^'^ J*, prim 



Q = Coker(i?ij,Q(-l) ^ R^j^Cl). 



In this section, we prove that there does not exist a polarized abelian scheme 
a : A ^ M whose primitive part -R^a*,primQ is isomorphic to Coker(cj/Z). 

We recall computations of the infinitesimal variations of Hodge structure 
of double coverings branched along normal crossing eight hyperplanes using 
Jacobian rings. Let bi = . . . , 641), . . . , feg — (^>i8, • • • , ^43) be non-zero 
elements in V such that such that the union UiHi of the dual hyperplanes 
Hi of bi = {bii • ■ b4i) e P(^) is normal crossing. We normalize B = 
. . . bg) as follows : 



(6.1) 



B - {bij)ij - 



/I 1 1 1 1 \ 

1 1 sii S12 si3 

1 1 S21 S22 S23 

\0 1 1 S31 S32 S33J 



We consider the covering X of P{V*) = {(^1 : ^2 : • C4)} i^i ^ weighted 
projective space defined by 

Vi=bii^i-\ \-b4iU- (^ = l,---,8) 



Here the weight of r]i is - for z = 1, . . . , 8. Then X is a complete intersection 
of Fermat type quadrics in P(VF) = {rji ijs)} defined by 

/i = vl - ivi + vi + vi + vl)-o 

f2 = V6- ivl + siivl + S21V3 + ssivl) = 

f3 = V7 - iVl + S12V2 + S'22V3 + = 

f4 = V8- iVl + S13V2 + S23V3 + S33VI) = 0- 

We set F{r],q) = X]t=i The Jacobian ideal J{X) of X is an 



ideal of the bi-graded ring C[rji, . . . ,rj8,qi, ■ ■ ■ ,q4\ generated by 



dF{r], q) 
dr]i 
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and — -— ^ — . Here the bi-degrees of r]i and Qi are (1,0) and (0,1), re- 

spectively. We define the Jacobian ring R{X) of X by the quotient ring 
C[77i, . . . , 778, (ji, . . . , q4]/ J{X). Then we have the following proposition (see 

mi). 

Proposition 6.1. (1) The Hodge component H^~^'^{X) is identified with 
R{X)2i,i for i = 0,1,2,3. The tangent space of the moduli space 
H^{X, Gj^) is identified with R{X)2,i. 

(2) Under the above identification, the Kodair a- Spencer map 

H\X, e^) ® H^-''\X) H^-'''+\X) 

is identified with the multiplication map of the Jacobian ring. 

(3) There is an isomorphism t : R{X)q^s C such that the cup product 

H^-'^'{X) ® H''^-'{X) H^'^{X) ~ C 
is identified with the following composite map 

R{X)2^,^ ® i?(X)2(3-^),3-^ ^ R{X)g,3 ^ C. 

The group G = fX2^ acts on the variety X and the ring R{X) by 

{r]i)i h-^ {mir]i)i for (m^) G G. 

We set G = {{mi)i G G | Hi = !}• Then the double covering X is 
isomorphic to the quotient X = X /G of X hy the action of G. Therefore the 
Hodge structure of X is the invariant part of H^{X) under the action of G. 

Proposition 6.2. Let R{X)'~' be the fixed part of R{X). Under the identifi- 
cation in Proposition \6.1\ we have 

H^-^^\X) ^ R{X)i^^ 

for z = 0, 1, 2, 3. The tangent space of the moduli space coming from defor- 
mations of configurations of hyperplanes is identified with R{X)2i- 

Proof. Let x be the character of G defined by {mi)i i— )• Hi O be the 

differential form defined by 

8 4 

n = (5^(-l)^r7, A /\ dry,) A ( J](-l)'=g. A /\ dq^). 

Recall that the isomorphism R{X)2i,i — H^~^'^{X) is obtained by the com- 
posite 

R{X)2^ ^ if6-i,3+i(^p7 x p3 _ [F{'q, q) = 0}) ~ H^-'''{X) 

Then the group G acts of on Q and H^{X) via the character x- Therefore 
the action of G on / is trivial. □ 
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The invariant part of R{X) under the action of G is isomorphic to i? = 
C[wi, . . . , ug, gi, . . . , 54]/ J, where rjf = Ui and J is generated by 

U5 - [ui + ^2 + '"'3 + W4), Uq - {Ui + S11U2 + 521^3 + S31W4), 

W7 - (^tl + S12U2 + S22W3 + ■S32W4), W8 - (^il + ■513^^2 + ■523^^3 + ■533^^4), 

W5gi, W6?2, ^7^3, W8?4, 

Mllgi + ?2 + ?3 + ^4), W2(gi + S11Q2 + Sl2g3 + Sl3?4), 

W3(?l + ■S21?2 + S22?3 + ■S23?4), W4(<?1 + S31?2 + S32?3 + ■S33?4)- 

By ehminating Wi, M2, '^3 and ^4, the ring R is isomorphic to the quotient of 
C[mi, . . . , M4, (ji, . . . , ^4] by the ideal J generated by 

[ui + W2 + W3 + W4)?l, {Ul + S11W2 + S21W3 + S3lW4)g2, 

{Ui + S12W2 + 522^^3 + ■S32^^4)?3, (^1 + S13M2 + S23W3 + S33W4)g4, 

Ul{qi + ?2 + ?3 + 94), W2(gi + 511^2 + 512^3 + ■Sl3?4), 

^3(^1 + S21Q2 + S22?3 + S23?4), ^4(^1 + S31?2 + S32?3 + S33?4), 

We consider a matrix B as in (16. II) such that B = {bi, . . . , 63} form a regular 
Cayley octad. In this case, S13, S23, S33 is determined from sn, S21, S31, S12, S22, 532 
as follows. We solve the linear equation 

1 1 1 \ /aA /1\ / sii S21 S31 \ 

sii S21 S31 02 = 1 , S12 S22 S32 /32 = 1 

^Si2 S22 S32/ \a3/ \1/ \SllSi2 S21S22 S31S32/ \/33/ \1, 

on ai, a2, a^, /?2, /33- Then S13, S23, S33 are obtained by 

ai (X2 Ct3 

■S13 = -5-7 ■S23 = -5-, S33 = — . 

Pi P2 P3 

By substituting S13, S23, S33 by the rational function of sn, . . . , S32, the coef- 
ficient of F{u,p) is a rational function on sn, . . . , S32. We set 

, , dF dF dF 

(6.2) n = , T2 = ^ , T3 



dsii' ds2i ds3i 

dF dF dF 

'^4 = "5 5 = , T6 = ^ ■ 

OS12 OS22 OS32 

Let T be the linear span of the set {ri}i=i,...,6 in R- Then the vector space T 
is the tangent space of the moduli space of Cayley octads at B. 

6.2. Infinitesimal variations of Hodge structure for abelian schemes. 

In this section, we use the same notations C, X and B of the last subsection. 
The point in M corresponding to C is denoted by P. We recall the definition 
of infinitesimal variations of polarized Hodge structure. 

Definition 6.3 (Infinitesimal variation of polarized Hodge structure [CGj ). 
A triple (©iJ*'-' , 6*, ( , )) consisting of 

(1) a vector space (Bi+j=qH'^^ with a linear map 9 : H^'^ H'^~^'^~^^ , and 

(2) a system of {—1)'^ -symmetric perfect pairing ( , ) : H^'-' ® H^'^ — )• C 
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is called an infinitesimal variation of polarized Hodge structure of weight q if 
(^(a),6) + (a,^(6)) = 0. 

To a variation of Hodge structures "H of weight q over M and a tangent 
vector at a point P in M, we can naturally associate an infinitesimal varia- 
tion of polarized Hodge structure on the direct product ®i+j=ql-Cp of Hodge 
components of the fiber l-ip. The variation of Hodge structures E?'E^Q, and 
a tangent vector 9 at P give rise to the following infinitesimal variation of 
polarized Hodge structure. 

Similarly, the variation of Hodge structures R^p^Q gives rise to the follow- 
ing infinitesimal variation of polarized Hodge structure. 

Since the homomorphism (15.21) comes form a family of algebraic correspon- 
dences, the two infinitesimal variations 9c, Ox are compatible. Therefore we 
have the following commutative diagram. 

(6.3) cyl I i cyl 

H^'^X) H^'^(X) 
ex 

The vertical map cyl is injective by Theorem 15. 11 The cokernel of the map cyl 
is an infinitesimal variation of polarized Hodge structure, which is denoted by 

iHp^imi^)^Ox)- 

Let Hp^\^{X) and Hp^-^{X) be the orthogonal complements of the image 
of H^'^{C) and if^'^(C), respectively. Then the restriction of the map 9x to 
^3,0 Hp'^-^ © Hp'^-^ © H'^'^ is an infinitesimal variation of polarized Hodge 
structure and it isomorphic to {Hp^-^{X), Ox)- Then the map 

TMp ^ Hom{H^^\X), H'/^X)) 

defined by 6* i— )■ Ox°Ox is a Hom{H^'^{Xp), i!Z'p^^^(X)) -valued quadratic form 
on TMp, which is denoted as Qx- 

We consider infinitesimal variations of Hodge structure arising from weight 
one variations. Let H^'^, H^'^ be 3-dimensional C-vector spaces and (, ) be a 
non-degenerate pairing H^'^ ® H^'^ C. Using the isomorphism {H^'^)* A 
and (ifO'i)* A H^'^ obtained by this pairing, we have the following 
isomorphism : 

HomiH'^'^ if^'°) = Hom{{H^'^)\ (77°'^)*) A Hom{H^^^, i?^'"). 

The image of under the above isomorphism is denoted by *0. For a linear 
map e Hom{H^'^,H^^^), the triple (H, ^) = {H^'^ ® H^'^,0 : H^'^ 
H^'^, (, )) is an infinitesimal variation of Hodge structure if and only if ^ = *0. 
We set 

T = {Oe Hom{H^^^, if°'^) I = ^0}. 
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The third exterior product {/\^ H^O^^'^) 

of (H, 9) is given by the formula 

6^^\ai A 02 A as) = 6{ai) A 02 A as + ai A 6'(a2) A as + ai A 02 A 6'(a3) 

for ai, a2, as G H^'^ © if^''^. Let (j) be the element in /\^ H corresponding to 
the identity map of Hom{H^'^ , H^'^) via the following isomorphism: 

2 

We set -ffp^i^ and H^^-^ the orthogonal complements of </) A C H^'^ 
and A H^'^ C iJ^'^, respectively. Then we have an infinitesimal variation of 
Hodge structure 

which is isomorphic to Coker(H — )■ /\ H). Then the map 

3 

Q:T^ Hom{/\ H^^\ H^f^J : 9 ^ ^(3) ^ ^(3) 

is a Hom{/\^ H^'^, H^^-^)-Yalued quadratic form on T. We have the following 
proposition. 

Proposition 6.4. There exists an non-zero element 6 eT such that Q{0) = 
0. 

Proof. Let ei, 62, es be a basis of H^''^ and /i, /2, /s be the dual base of H'^'^. 
Let 6* G Hom(H^'^, H^'^) be the map defined by e{ei) = /i, 6(62) = ^(es) = 0. 
Then 9 E T and we have 

A 62 A es) = 6''^3)(/i A 62 A 6s) = 0. 

□ 

Proposition 6.5. There exists a regular Cayley octad B = {61, . . . , bg} with 
the following property. 

(1) The value Q{9)x of Qx at 9 is non-zero for all 6* 7^ 0. 

(2) The map TMp — )■ Hom{H^'^{X)^ H'^'^{X)) is an isomorphism. 

We give an explicit example of Cayley octad with the above properties in 
the next section. By Proposition 16.41 together with Proposition 16.51 we have 
the following theorem. 

Theorem 6.6. There exists no polarized abelian scheme a : A ^ M of 
relative dimension three, whose primitive part R^aprim,*Q o/i^^a^Q is iso- 
morphic to Coker(cy/) as variations of Hodge structures. 
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Proof. Assume that there exists an abehan scheme a : A ^ M such that 
R^a^^primQ — Coker(cy/). Let P' G M^t be a point corresponding to a 
hypereUiptic curve. Then the image of the fundamental group ni{M,P') 
under the monodromy representation on Aut{{R^a^^primQ) P') contains the 
image of the fundamental group 7ri(M^e7 P') of M/^e, which is finite index in 
Sp{3, Z) by |TSj . Therefore there is at most one polarization on R^a^^primQ 
and Coker(cy/) and the isomorphism of variations of Hodge structures between 
R^ciprim,*Q and Coker (cyl) induces an isomorphisms of infinitesimal variation 
of polarized Hodge structure for any 9 G TMp at any P G M. 

We consider the infinitesimal variation of polarized Hodge structure at the 
point P corresponding to the Cayley octad satisfying the condition of Propo- 
sition [631 By the condition (2) and Proposition l6.4l there exists non-zero tan- 
gent vector 6 G MTp such that ^(3)o^(3) = q in Hom{H^'^{Ap), hI;}-^{Ap)). 
But this implies 9x°dx = 0, which contradicts to the condition (1) of Propo- 
sition 16.51 □ 



7. Example satisfying the condition in Proposition 16.51 

We compute examples of the Jacobian ring using Grobner base under the 
computer program Maple. We show that there exists a Cayley octad satisfying 
the condition in Proposition 16.51 Under the notation of the last section, we 
set 

sii = -1, S21 = 3, S31 = 4, S12 = -3, S22 = 2, S32 = 3. 

Then si3 = f, 523 = 22, 533 = 99. 

We identify the space if^'^(Xp) with the degree (2,2) part of 
Q[wi, . . . , ^4, gi, . . . , ^4]/ J. Using graded reverse lexicographic order of 
U4, Ms, U2, w-i, q'3, ^2, Qi, H'^'^i^p) is isomorphic to the vector spanned by 
the class of 

Ml = uIpI, M2 = U2UipI, M3 = ujpj, M4 = uIpI, M5 = U3U2PI, 
Me = uIpI, My = usUipI, Mg = U2Uip\, Mg = u\p\. 

Therefore we have an isomorphism r : if^'^(Xp) ^ CMi © ■ ■ ■ © CMg. By a 
simple calculation, the tangent vectors ri , . . . , re in (16. 2p can be computed as 

73 

Tl = (?2 M2 + ?4 (-6^2 - Y Ms - 420 U4), 

and so on. Let 6 = wiTi + - ■ ■ + wq,tq be a linear combination of ri, ■ ■ ■ re. Then 
r(6'^) is a C^-valued quadratic form on wi, . . . , t^e. The coefficients /i, . . . , /g 
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of Ml , . . . , Mg are computed as 




24757 2 1197 399 



247 



4351 



W2 W5 



31787 



310 
29735 




133 95 



35712 
12255 





992 



8928 ^ 1488 



52535 2 2261 



Wl We 



323 



and so on. Then by using Grobner basis, we conclude that 

{{wi,...,W6) I fi{wi,...,W6) = ■■■ = fg{wi,...,W6) = 0} = {(0, ...,0)}. 

Thus we have a regular Cayley octad B satisfying the conditions of Proposi- 
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